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Abstract. An unstable inflection point developing in an oncoming two-dimensional boundary layer can give rise to
nonlinear three-dimensional inflectional-wave/vortex interaction as described in recent papers by Hall and Smith
[1], Brown et al. [2], and Smith et al. [3]. In the current study on the compressible range the flow is examined
theoretically just downstream of the linear neutral position, in order to understand how the interaction may be
initiated. The research addresses both moderately and strongly compressible regimes. In the latter regime the
vorticity mode, the most dangerous one, is taken as the wave part, causing the hypersonic interaction to become
concentrated in a thin temperature-adjustment layer lying at the outer edge of the boundary layer, just below the free
stream. In both regimes, the result is a nonlinear integro-differential equation for the wave-pressure which implies
four different types of downstream behaviour for the interaction — a far-downstream saturation, a finite-distance
singularity, exponentially decaying waves (leaving pure vortex motion) or periodicity. In a principal finding of the
study, the coefficients of the equation are worked out explicitly for hypersonic flow, and in particular for the case
of unit Prandtl number and a Chapman fluid, where it is shown that for sufficiently high wall temperatures the
wave angle of propagation must lie between 45° and 90° relative to the free-stream direction and also no periodic
solutions may occur then. The theory applies also to wake flows and others. Connections with experimental findings
are noted.

1. Introduction

In practical configurations, including boundary layers, free shear layers and wakes, transition
of compressible-fluid flows is a very significant phenomenon indeed with regard to the per-
formance of various transonic, supersonic and hypersonic flight vehicles and turbine blades as
well as to designing tunnel tests. See for example the review on hypersonic flow by Townend
[4]. Experiments in the hypersonic range in particular point to transition originating at the
outer edge of the boundary layer, a finding which is of much interest. On the theoretical side,
however, comparatively little is known on compressible transition, especially for the hyper-
sonic range, beyond linear stability theory and corresponding exp(V) methods. Our concern
here is to attempt first to advance theoretical understanding of the necessarily nonlinear pro-
cesses involved in transition, and specifically to focus attention on what appears to be one of
the most readily encountered transition paths, occurring at remarkably low amplitudes and
associated with vortex/wave interaction. Second, and in consequence, it is found that explicit
results are obtainable in the hypersonic range, in contrast with lower Mach numbers. Third,
a possible theoretical explanation seems to emerge for the experimental finding above in the
hypersonic range.

Vortex/wave interaction theory is one of the most recent nonlinear theories aimed at
increasing insight and possible modelling of a flow’s transition from a laminar to a turbulent
state at large Reynolds numbers. It follows the theories of pressure-displacement interaction
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(e.g. [15-18]) and nonlinear Euler interaction (e.g. [19,20]) and as with these theories it
is of a rational nature. Vortex/wave interactions arise in instability and transition when a
small-amplitude three-dimensional wave disturbance self interacts, under the influence of
inertia, to induce a mean vortical component and this vortical component is sufficiently large
to alter nonlinearly the erstwhile linear evolution of the wave. Typically the wave part has
relatively short time and length scales whereas the vortex part, composed of longitudinal
streamwise vortices, has longer length scales in general. Vortex/wave interaction is termed
weak or strong according as to whether the vortical mean-flow correction is small or of order
unity, respectively, relative to the original basic flow.

Vortex/wave interaction theory has been developed for two main types of wave, namely
viscous Tollmien—Schlichting and inviscid Rayleigh-type inflectional waves. More attention
has been directed towards the former, see e.g. refs. [21-28]. However, vortex/inflectional-
wave interactions are seemingly more significant in the sense that they can be triggered by
considerably smaller disturbances than in the counterpart Tollmien—Schlichting case. In view
of this significant factor, a rational explanation of vortex/inflectional-wave interaction has
been sought, starting with Hall and Smith’s [1] findings for compressible boundary layers
(based on ideas in the above papers). They demonstrated that much of the interaction is
essentially concentrated in the relatively thin critical layer, i.e. the region where the near-
neutral wave’s behaviour is adjusted by viscous forces from one side of the generalised
inflection point to the other. This is due in part to the singular nature of the wave-amplitude
at the approach to the critical layer, leading to an amplified wave-forcing therein. In fact,
the forcing is sufficiently powerful to produce a discontinuity in the vortex-spanwise shear at
the boundary-layer/critical-layer edges. Later, the Hall-Smith theory was extended to include
cross-flow effects [27] and also examined close to the input station [1,2,21-23,39]. In the
paper by Brown et al., the authors were keen to see how the Hall-Smith interaction starts and
they discovered that the wave-pressure amplitude possess an algebraic bifurcation from a zero
value to a non-zero value. A shorter streamwise length scale was subsequently identified in
Smith ef al. [3] over which previously neglected streamwise variations of the wave pressure
come into play, allowing the aforesaid discontinuity or bifurcation to be removed/smoothed
out. As a result a number of alternative transition paths were identified on this shorter length
scale. Further, a common feature in both of the last-two mentioned papers is the existence
of a thin buffer layer, embedding the even thinner critical layer and within which the main
viscous-inviscid mean motion is effectively localised.

Here we are interested in adapting the interactive flow structure derived in the incompress-
ible regime by Smith et al. [3] to accommodate increased compressibility; this is firstly for
O(1) values of the Mach number and secondly in the hypersonic limit of large Mach number.
Regarding the latter, we observe that two main types of neutral inviscid mode are known to
exist in highly compressible flows, these being the acoustic modes [6,9,10,30] and the vorticity
mode [9]. Whereas the acoustic modes occupy the entire boundary layer, the vorticity mode is
in effect confined to a relatively thin layer which resides in the outer reaches of the boundary
layer, is sometimes termed the vorticity layer, and embeds the even-thinner critical layer. The
vorticity layer itself emerges as a result of the relatively high basic-flow temperature having
to adjust to that of the much cooler free stream, and hence is often referred to alternatively
as the ‘temperature-adjustment’ layer. Of the two types of mode above, the vorticity mode
has a considerably higher growth rate and so is naturally of most concern to us. Part of our
aim indeed in this study is to find out the nonlinear counterpart of the vorticity mode when
it becomes involved in a wave/vortex interaction of the type described above in hypersonic
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flow. This should allow eventually a firm link to be established with the experimental results
by Holden [5] of transition emanating from the outer reaches of the boundary layer at high
Mach numbers. We mention in passing that several reviews have been published recently
(e.g. Cheng [31,32], Treanor [33]), which offer useful background knowledge on high-Mach-
number modes as well as many other topics of interest in hypersonic flows; again, the present
theory applies to wakes (see [34]) and other flows as well as boundary layers.

In Section 2 the formulation of the interactive flow problem is given, including a derivation
of the important scalings in the wave/vortex interaction. The interaction problem for a com-
pressible boundary layer at order-one Mach number is presented in Section 3, resulting in a
nonlinear integro-differential equation governing the amplitude response of the wave. Certain
comparisons are made here with the incompressible counterpart in [3], especially with regard
to the next stage in the flow development downstream (see also independent work by Leib and
Lee [35]). In fact, the broad form of the equation is identical (albeit with different coefficients
of course) with the incompressible case and consequently the downstream options or different
transition paths are invariant. These are downstream saturation, finite-distance singularity,
pure-vortex motion downstream and nonlinear periodic motion, and are explained in detail
at the end of Section 3. The flow solution is then examined for the regime of high Mach
number in Section 4; the results of Smith and Brown [9] and others would tend to suggest
overall that high-Mach-number predictions in practice can work well in the Mach-number
range beyond about 3 or 4, in contrast with a subsequent study by Blackaby, Cowley and
Hall [12], although really the range is unknown in advance. It is shown in Section 4 that
for the nonlinear extension of the vorticity mode the interaction is essentially confined to
the temperature-adjustment layer, due to the rapid decay of the wave part outside this layer.
Hence the previous importance of the linear Stokes or wall-layer contribution to the evolution
of the wave amplitude now becomes negligible. The special case of a model fluid (that is, a
Chapman fluid with unit Prandtl number) is considered later in this section, and interesting
results are obtained. In particular, it is found that for sufficiently high wall temperatures no
periodic solutions are possible and that the wave angle of propagation has to lie between 45°
and 90°, whereas for lower temperatures only periodic solutions are possible with the wave
angle between 0° and 45°. Further developments of the wave/vortex interaction, including
speculation on the first breakdown of the analysis due to further increases in the Mach number,
along with final comments are given in Section 5.

In the following work, the velocities ueo(u,v,w), the pressure po,ay~!p, the Carte-
sian coordinates /o (2, ¥, ), the time ly,ugt, the density poop, the viscosity poop and the
temperature a?(y — 1)_1017 IT are scaled in the form

[u,v,w,p,z,y,2,t,p, u, T) = [0, %5, 5w, , &, €87, €52, 1, p, s, T). (1.1a-k)

Here uqo, poos oo Tepresent the free-stream values of the streamwise velocity, the density
and the viscosity respectively, l», denotes the typical global length scale (e.g. the distance
from the leading edge of the flat plate or airfoil, or the chord length), v = cp/cy is the
ratio of the specific heat at constant pressure to that at constant density, and a is the speed
of sound. In (1.1a—k) above, ¢ = Re~'/12 is small, given that the global Reynolds number
Re = uoloopoottsy is taken as a large parameter, and the Mach number Mo, = ug,a™! is
O(1), at least initially. See Section 4 for extensions to the hypersonic range.
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Substituting (1.1a-k) into the compressible Navier-Stokes equations gives the governing
equations of motion

Pt + (p)z + (p9)g + (pw)z = O, (1.2a)

Pz + p(titiz + Vg + Wiz) = —Pz/yYM% + 2[(2piaz
+(pwz)z] + (Bg)g + (Alz)z, (1.2b)

+(Btg)s + (2605)g + [A(wg + 02)]z, (1.2¢)
Py + Pz + Didy + Wbz) = —e P/ yME + €*(fDs)z] + (Bliz)s +

+Ha(wy + 0z)]5 + (2aWws)z, (1.2d)
pT=p, pm=CT, (1.2¢,)

( -1) §o(ﬁg+apj+ﬁ‘g+w'z)+ (1.2g)
— 1) MZ a5 + @2)

These represent in tumn the equations of continuity, momentum in the three Cartesian directions,
state, Chapman’s viscosity—temperature law, and energy, and they are analysed in detail in
the subsequent sections. Finally here, we note that C' is the Chapman constant while ¢ is the
Prandtl number.

2. Formulation of the Problem

It is well known from classical linear instability theory that small three-dimensional inviscid
inflectional disturbances (say of order h relative to the basic-flow size) in compressible flows
are governed by the generalised linear Rayleigh equation for wave pressure, namely
py | Opy ,dM/d§ Opy 5 Ve
-2 —= —a‘(1-M =0 2.1
agz + 822 M a g a ( )pw ( )

[6,30] for a two-dimensional input flow, subject to the boundary conditions

35’1” (0, %) = pu(0, 2) = 0. (2.2a,b)
The scaled wave pressure here is written as ‘p,, (9, Z) E+ complex conjugate’, where
E = exp[i(a(Zo) X — Q)] (2.3)

The fast temporal coordinate is #; = e~5 whereas its spatial streamwise counterpart X is
defined by

aZg)X = €5 / a(Z) dz. (2.4)
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Here for a neutral disturbance €2 is a prescribed real frequency while «(Z) (also real) defines
the variable streamwise wavenumber, which has to be determined from the analysis. Also,
Z = Iy denotes the upstream neutral starting point of the wave/vortex interaction.

The main effect so far on the wave due to the basic flow is reflected by the term

M = (4 — ¢) My /T? (2.5)

in (2.1) above. Here @, T are the velocity and temperature profiles of the basic flow, respec-
tively, and ¢(Z) is the effective wavespeed, satisfying

o(z) = Q/a(3), 2.6)

that would determine the temporal instability of the perturbation if linear. Since we are
examining near-neutral disturbances, the quantity c is real to leading order, from which it
can be deduced that a regular solution in wave pressure is only allowable if we impose the
generalised inflection-point condition

d’M
dy?
Here f denotes the critical-level surface which is the solution of % = ¢(Z) [36,37].

The algebraic response of the three-dimensional wave near the point of inflection is given
by

{Uw,vwawwapw] ~ h[(?j_f)—lal(?j_f)*l,l] (2.8a—d)

as j — f¥, where (uy, vy, wy) denotes the wave velocity. The singularities here are damped
out in a thin viscous critical layer of relative thickness O(e?) which embeds the inflectional
surface § = f(Z, 7).

It follows that wave—wave interaction is considerably larger in the critical layer, compared
with anywhere else within the boundary layer, as a result of the amplified disturbance speed
there, i.e. in (2.8a,c), and consequently the wave forcing on the vortex is essentially confined
to this layer and just outside it. In particular, from the spanwise momentum balances, the
spanwise velocity component of the vortex w,, satisfies

d%w, _ }2.-6 <ﬂw Oy, 43, Oy, By Bu‘)_w>

dy? 0X ay 0z
where ( ) alludes to the vortex component of the enclosed expression, Y is the local critical-
layer coordinate as defined later and (%, ¥y, Wy,) is the scaled representation of the wave
velocity. To account for the dynamics in the critical layer as reflected in (2.9), the spanwise
velocity component of the vortex must be discontinuous in its first derivative across § = f,
satisfying the condition

5,
dg Js_
Here J is a measure of the scaled wave-wave forcing, whose value is shown later to have the
form
_ 9 (|8pw|\?
J =K — [|=—
@)=k 5 (|22]) .

=0 at §=f(z,2). @2.7)

(2.9)

= h%e8J(, 2). (2.10)
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with p,,(Z,Z) being the critical-layer wave pressure and K a known constant. Through
the continuity balances, we deduce that the streamwise component of vortex velocity has
magnitude O(h%e~14), so that significant interaction follows when the input amplitude is

h~e. @2.11)

It is interesting to note that the order of magnitude of the wave amplitude remains unaffected
as Mo, — 0, i.e. as the incompressible case is recovered [3]. On the other hand for M., > 1
we shall find that the wave amplitude diminishes in order to retain nonlinear interaction: see
Section 4 below.

As stated previously, we are interested in studying the wave/vortex interaction close to the
input (neutral) station. The specific streamwise scale we seek emerges from the balance of
nonparallelism and linear streamwise variations, i.e.

o
|(Z — Zo)as|e® Erik

_Q_‘ |‘ '
ax |~ o

where @ + (Z — Zo)4; + - - - is the mean-flow profile expressed as a Taylor series about the
starting point £ = Z,. Hence, the required scaling is

I—Fo=€x, (2.12)

say, with z; being O(1).

As with the theories for the incompressible range in [3] and [2], the convective forces
dominate over the viscous forces as regards the vortex motion nearly everywhere in the
boundary layer (thus rendering the vortex inviscid there). However these forces counterbalance
in a pair of thin so-called buffer layers (each having relative thickness O(e3/2) for a viscous-
inviscid balance) which are separated by the thinner critical layer, and it is within these
regions that the wave/vortex interaction is effectively concentrated. A full diagram clarifying
the details of the multi-layered structure is given in Figure 1.

3. Compressible Interactions in the Sub- or Supersonic Ranges
3.1. THE CORE REGIONS

These regions, where § = O(1), constitute the majority of the boundary layer (see Figure 1),
and contain important linear and nonparallel forces that contribute to the alteration of the
wave-amplitude downstream. The vortex motion turns out to be negligible here, only being a
significant influence in the critical layer and the buffer layers. The following expansions hold,
in view of the argument in Section 2 and [3],

a=U0(@) + E€x101(5,2) + -+ €uOE + %VE + ... (3.1a)
1="@2)+  +eOE+VE+ ... (3.1b)
= Wi(5,2) + -+ ewOE+ fwVE+- .- (3.1c)
p=poo+Expo+-+pOE+PVE -, (3.1d)

p=po(@) + Ex1p1(7,2) + - + € POE + %VE + ... (3.1¢)
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Figure 1. Sketch of the oncoming generalised mean-flow profile M (o (To — co)T; /%) and the subsequent
wave/vortex-interaction flow structure for Mo = O(1).

= o) + €2151(5,2) + - + € OB+ %UVE+ - (3.1f)
T=To@) + 1 T1(§,2) +- + € TOE + °TOE + ... (3.1g)

including nonparallel terms proportional to z;. Here poo and pp denote the basic-flow pressure
and its gradient evaluated locally, in turn, with the former being prescribed the value 1 in the
ensuing work. Elsewhere, the contributions from the oncoming basic flow and its local gradient
are given the subscripts 0 and 1, respectively. Also, the terms multiplying E (dependent on
z1,Y, Z) denote wave contributions with successive orders being given the superscript (0),
(1), etc. Strictly we should include the complex conjugates of the wave terms in (3.1a-g), but
these are omitted for the sake of brevity without affecting the following analysis.
Substituting (3.1a—g) into the compressible Equations (1.2a~g) determines the system of
equations for each component of the flow, i.e. basic flow or wave. First, the basic flow satisfies

p10o + poUs1 + (poVo)g = 0, (3.2a)
po(UoUn + VoUog) = —po/vM, + (EoUog)g, (3.2b)
1= poTo, Po=poTi+piTo, fio=CTy, (3.2c,dse)

p(UT, + VoTog) = b )170[70 + 0~ (BoTog)g + (v — 1) M3, 30Uy (3.2f)

These equations may be solved to reveal that

_ U, 7 ([90/vMZ — (oo V-
Vo = —9{/ ([”0/7 e — (HoUog )] —ﬁl) dg1+——”°v°}, (3.3a)
Po ag U() Co
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0, = _ [o/yME, — (AoUog)s]

- > +
polo
U g = M2 —(r f]_ _ 1%
Uoy / [Po/ Mo — 2(uo og gl _ 51| dg+ 222 L (3.3b)
pO do Us c

_ v( po I 725 2
p1 = pog / -— UsM2 — 1] +
°”{ o <7M§o {(poyl 0w

1 - = 1 d | p(Bopog,/Pd)s
+=— (Bl )y + — —— [ a2 | — 33
ngo (o Oyl)yl opo A7 [ Tofog, (3.3¢)
1 d [BoU% ,5% P10
——(r-1 M? -— —=—‘fy‘— dijy + = ».
Po =1 % dg [ Uopog, T
Here we have used the expansions
((Z),¢(Z)) = (a0, c0) + 63551((12,62) +---, (3.4)

for the streamwise wavenumber and wavespeed near T = Zj. The frequency, defined by
) = ac, is a constant prescribed value in our problem, which therefore implies the constraint

apcy + ancg = 0. (3.5
The inflectional plane f(Z, Z) has the localised form
f(Z,2) =80+ Ema + -, (3.6)

where @ and @, are both constants, owing to the spanwise independence of Uo, Uy and c.
Lastly, the terms py, p1, P10, Vo simply represent po, Pog, P1, Vb, in turn, evaluated at § = a.
We observe that the values of Vj, p1o are determined from the boundary conditions at the wall,
ie. U = Vo = 0,51 = p1w at § = 0, where py,, is the specified basic-flow density gradient
at the wall.

Next, we focus on the leading-order wave system which reduces to the generalised three-
dimensional Rayleigh equation

Py +p8) -2 —Aﬂ'g—y p¥ — (1 - M2)p® =0, 3.7)
subject to
p@ 50 as §ooo, pV=0 a F=0. (3.82,b)
Here
M = (To — co)Moo /Ty, (3.9)

which in effect represents the basic-flow forcing on the wave, is independent of z. Thus we
are able to separate variables in p© and in particular we may write

p@ = r(z)Py(7) cos foz, (3.10)
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for a pair of equal waves [exp(+ifyZ)] obliquely inclined to the free-stream direction, with
Do constant. Here r is the amplitude function of the wave, while P, satisfies

M-
Pogg — 2 ﬁy Poy — 76 — a3 M Py = (3.11)
with
Po(oo) =0,  Pyy(0) =0, (3.12a,b)

from (3.7), (3.8a,b), where 43 = (o + ?) is a constant. This system determines in principle
the eigensolution for Py and the corresponding characteristic equation that constrains the
parameters o, 8o and cp. It is convenient to make the normalisation Py(@o) = 1, which we
are free to do, owing to the homogeneous nature of (3.11), (3.12a,b).

To fully understand the dynamics of the buffer layer (and, to some extent, the critical layer)
we need to know the behaviour of the flow solution as § = @ is approached. The important

results are now summarised. As §j — &(?,

Oo = co + Z f’—(y—-)—, 0 = Z n (y (3.13a,b)
n=1 ! n=0
0 oo m\n
Ph=1+Y @Q’—n'“—o)— (3.13¢)
Also

Y
(- 2" (3.13d,e)
n

{Po,p1} = i {on, p1n}
n=0

as § — a and, likewise, similar expressions hold for ji, i, To, T;. Here the coefficients
satisfy

—1 2Cb1p]

d +bipoVo + , 3.14a
0 = P0Co [’)’M2 1P0Y0 ,00 ] ( )
1 Pl( Po ) C ( blPZ) ZCblpl 3 pVo

d = —|= +b + = (b3 - = +2=1
Y poco [Po TM3, 1P e\ T o % ppo C
(3.14b)
1 b 2 C b
- l2ea ) () S0 22)-
poco [\po  po \co  po YMZL /) po Po
4 C b 2 2V b
+hiey (pn - 2200 C ((_1 L), M) (5-22) - s
PO po \\co  po C PO

3Cp1bs  Cbip (2/71 (bl 12P1) 11p; 4poP1Vo)
- 2 2 —\{ Tt - + ’
[ o) po \¢  po Po Cc
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from (3.3b), and

@ =0 q@=-1, (3.15a,b)
6py  9p2 4b

@ = =18 | 22 = L+ 3% + 22| — 6adpiooM, (3.15¢)
Po Po 1

from (3.11). Itis important to note that the generalised inflection-point condition d>M /dj? = 0
at § = 0 implies that

b2+ bip1/po =0 (3.16)

to leading order, and this has been used extensively in the above derivations. Again, the local
third derivative of the wave pressure g3 cannot be determined by local asymptotic analysis
but instead has to be found by solving the entire Rayleigh system (3.11), (3.12a,b).

It is worthwhile here writing down the local series expansion for M, about § = @o. It is

_“‘(10

M = M (3 — ao) + E (3.17)
asy — a(?, where

My = bipy* My, (3.182)
[ 3bipy 9bipt| 1p2

M= |by+ 22 Moy, (3.18b)

3 - 3 200 4’0(2) Po o0

[ 2% 2 6 3p3

My = [by+ 220 4 (222002 %)l s M. (3.18¢)
i P0 P PF P

We observe that the absence of any coefficient multiplying (7 — @ )? in the above expansion
is simply due to the inflection-point condition.

Finally in the core, we need to examine the second-order wave system, which is governed
by a small-perturbation form of (3.11) above, that is

2M;
ypz(j)

(1) +p(l) - _ a(z)(l _ MZ)p(l)

2z - - 2
ﬁl [(aoazM — (e} My + cpa M) M 2) p@ +

_ MiM;\ (o _ MiMz\ (o)
+ (Mly M y) p1(7) + (Mli - T‘i) p,(i - (3.19)
2icy O 1/2 ,5(1)/2]\7—’1,7 ©
_ 2 9 [z, — P00 ) ar. pl
ool Bz, l((/’o )7 % ) Pyt

2
+28 (31 - 1% - coby* Moo I17) p(o)]
<o
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from (1.2a-g), where

i, - [__gg;cog - —po)] . 320
The boundary conditions to be satisfied by p(!) are
P50 as §— oo, (3.21a)
p(l) matches with the Stokes’ layer solution at the wall. (3.21b)

To analyse the pressure system further, we write

PV = Py(§)Q1(z1,) cos foz (3.22)

where, for this spanwise representation to be valid, it is necessary to impose the condition
M;; = 0 (and hence p;; = 0). After substituting (3/22) into (3.19) and equating coefficients
of cos fyz, we find that

Q:
0y?

o+ ag), e

P PoMg) o0Q1  zr(z)
A -

2 - 1) 01t

where the prime ’ denotes differentiation with respect to ;. Here
_ _ _ _ Mi M
G =2 [(aoazM — (0§ i1 + oo M)M*) Py + (Mh7 — ;\_4 y) Pog] ,  (3.24a)

2
2 g

_1/2 5
py My  _1p - - _1/2 -
G = K% — (5! )g) MooPog = 2 (M(1 = 51%) - copy/* Moo 14?) PO]

(3.24b)

are measures of the nonparallel and streamwise-variation forces, in turn. The equation for 1
integrates to
i B _ (7 R
oy M? 0,00 M3
P,
C(Z)Pw MZ,

(z17(21)G1(T1) + icor’ (z1)Ga(71)) dij1 +

for y less than or greater than ag in turn, where Pw, Py denote the constant values of P, and
po evaluated at § = 0. Here Q) = 0 while (J; is a complex constant determined through
matching with the Stokes’ layer solution as § — 0% (see Appendix A). Specifically we have

2 2.2 2 _ i -1/2
_ Y5 . GCoPwYME, (A 1 (y 1)) - ( zaoco)
=|-J0 4 2% oo (i~ YT N B .
Qw pu} + 0_1/2 w pw '7 w C ] (3 26)

where PwTwr(xl) cos oz denotes the wave temperature at the wall, with T, being constant-
valued.
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It can be deduced that as §j — a3 the following asymptotic behaviour holds for p(V):

[p(l)(mh'ga 2) - p(l)(wl 3 G0, 2)] sec ﬁoi

~ —279' (7 - ‘_10)21’(1)(581, do, Z) sec BoZ +

—a-3 a2 ,_ _
> 5 (7§ — do)

+ M (j - ?10){9117”(931) [

a1, o | o
+==2 (§ — @)’ In|§ ~ Go| + ng(y—ao)z] +

3
. ~b_ by, _ by .. _ o 1 "
+icor’(z1) [ 5 3 72 (g —ao) + _il (7 ~ @o)? In|j — Gg) + 3 G;',t(y — )% +
bt () — a0 G2
3ckpy M2, Y ’ '

which reveals a jump in its third derivative there. Here

1/2
M,
a3 = 2q2(c2 ~ do) p"—M?ﬁ (3.28a)
2a2bic) pll M
= ~dg) — —2 02 3.28b
a_3 (fh(cz 0) o M ( )
M;  pf P2 dipi
ot = @l (o —do) [ 2+ &L - 22 + A
1 (12((2 o)(M1 422 -
ot pipo) ) po M
+by | — — 0 = (3.28¢)
(Po P )) M3
and
1/2
202\ py M
3= | — | = .29
bs = (2) T (3.299)
1/2
03 200”1) P Moo
= = - 3.29b
b= (2~ 20) B, (3.29b)
=2 (M} 4w\ M (3.29¢)
T \M T 4\A M ‘
where an,bn (n = —3,-2,...) denote the coefficients of (§ — @)™ in the local Laurent
expansions of PoG1/ M3, PyGa/M? respectively, i.e.
o0 o0
PGi/MP = Y an(§—a0)",  PoGo/M’= ) bu(§—a0)™ (3.30a,b)

n=-3 n=-3
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Lastly, the constant coefficients G£, G’f appearing in (3.27) have the differences

_ © Py . a3 a_p
Gy -G, = -FP g C@di- PR (3.31a)
% P by b
+ G =- -_—0 Ndi — =3 4 22
Gy =Gy =-FP | o5 Ga(7) dj 22 + 5 (3.31b)

and these figure significantly in the later analysis. Here FP denotes the principal value or finite
part.
3.2. THE BUFFER LAYERS

These relatively thin layers lie between the cores and the critical layer (see Figure 1). They
are formally defined by

§—f(&2) = (3.32)

where Y] is O(1) and the critical-level surface f is defined in (3.6) above.
The flow variables expand as

@ = co+ Y, + EBY2 )2+ caz1) + 69/2(b3Y13/6 + (badp + d1)z1 Y1) + €Sug +
4o+ BV (g + %0 + iy + €2 (G Ine+d3) + ) + -+, (3.33a)

5 = Vo+ /@b — ¢y — pVo/po — copro/po)Y1 + €vy +
+-o+ Be(fio + €25 + Svp + -+ ) + -+, (3.33b)

b = e Pwy + Ee (G0 + €20 + Swp + ) + -+, (3.33¢)

g
I

p=1+€zpo+ eGm%pl/Z +
+E€ (Ho + €251 + €92 + %P3 + 4 + P (Hlne + Ps) + ) + -,
(3.33d)

p = po+ 2 piY1 + E(pY? /2 + z1(p182 + pro)) +

+e2(p3 Y2 16 + (p2d2 + p11)21 Y1) + €04 +

++ BV 250+ 25 + €5+ € (BrIne+3) + ) + -1, (3.33¢)
B o= po+ e mY + E(uY2/2 + 21 (a2 + o)) +

+E2(usYP /6 + (1282 + p11) 1 Y1) + g +

+-+ B2 (g + %) + Qi + € (e + fig) + ) + -, (3.33f)

T =T+ 63/2T1Y1 + 63(T2Y12/2 + :1:1(T1&2 + T]())) +
+69/2(T3Y13/6 + (Tz(_lz + T11):L‘1Y1) + 66T4 +
+---+ EGII/Z(T() + 63/2T1 + €3T2 + 69/2(7”11 Ine + T3) +o) e (3.33g)
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Here we note that the algebraic terms in (3.3a—~g) stem from the Taylor-series representations
of the basic-flow quantities at y = f, which are defined in Section 3.1 above. The constant
a,, defined in (3.6) above, denotes the critical-layer slope and is related to c; by

biaz + do = cs. (3.34)

The terms uq4, v2, Wo, P4, 44, T4 denote the mean-flow/vortex contributions to the flow, which
are non-trivially affected by wave-wave forcing. This forcing is of an amplitude-squared
type and emerges from the critical layer; in particular, it produces a discontinuity in vortex
spanwise-shear across § = f as discussed in Section 2 above and shown in detail in Appendix
B below. In addition to the above list of wave-affected vortex terms there exists a corresponding
pressure term (of O(€27/2) relative to the free-stream pressure value), but this is totally passive
regarding the main vortex/wave interaction and need not be addressed here. Again the terms
multiplying E denote the wave contributions.

We consider firstly the vortex motion, where spanwise-momentum balances yield the
diffusion equation

a’wo 82w0

= 3.35
Poco 7= = Ko aY? (3.35)
for wg. The boundary conditions on wy are
wg—0 as |Yi| 200 andas z; =+ —oo (3.36a)
and
a’wo Yl=0+
— = J Z). 3.36b
[3Y1]y1=0— o(1,2) ( )

The latter boundary condition stems from the critical-layer analysis of Appendix B, where we
can also deduce that wy must be continuous across § = f. Here

1 2m(2/3)*3(=2/3)! & 2 337
(YMZ)? (aob1)’/3(C?/po)*3 02 ’ '

with (PoE + c.c.) as the buffer-layer wave pressure.

If we define the Fourier transform of wy with respect to z; to be

%o
oz

Jo=

w .
F(wg) = / wo(z1, Y1, 2)e” " dx (3.38)

—00
with real parameter w, then it follows that

F(h)
2(icopow1/ ko)

from (3.35), where w; = w — i7 and 7 is a small real parameter. Inverting (3.39), via the
Fourier Convolution Theorem, yields

1 (C\'Y o Jo(s,2) —copgY?
- — ? d 3.40
wo 2po (WCO> ./—oo (z1 — s)1/2 exp 4C(z1 — 5) s (3.40)

F(wo) = — 75 exp[—(icopowt /o) * V1] (3.39)
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on use of o = Cpy ! from the equations of viscosity-temperature and state.
The first non-trivial normal velocity component of the vortex v;, has the solution

p1 208 p; 2com1 by copn1 | Y2
v =|-d—-=@bh-a)+| = -=|W+|———|po———| F -
? l po ( ( % Po) 5 o po | 2

a h
—= wodY; — As(z1, 2) (3.41)
0z Jo
upon integrating the appropriate order of the continuity equation. Here A4(z1, Z), an arbitrary
function, denotes the negative value of v, at Y; = 0 which, owing to the flow structure in the
critical layer (Appendix B), is known to be continuous there.
Next, we can determine that

Oty 0%y o rn .
b1 =— Y; 34
Poco Z T Ho Gy oYE =pobi 5 | wo dY1, (3.42)

at the relevant order in the streamwise-momentum equation. Here

by Y Y? 1 -
Uy = Ug — 7 - (b3a2 + dz) 33121 — ;(E Aygdzxy, 3.43)

where A4 is a combination of A4 and linear terms multiplying ;. The boundary conditions
on 4 are

s — 0 as z; — —oo and g4 isbounded as |Yi| — oo. (3.44)

Furthermore, we assume that @4, O14/0Y) are continuous across Y; = 0, and this is again
based on the critical-layer analysis. The above system for 14 together with (3.39) implies
bl

2 a [ ]
oPowl

icopdun \ /2 1 (icopdn |
X ¢1—exp —(——é’—) Y1 1+5(—691) Y1 (3.45)

according as Y; > O orY; < O, in turn. It follows that 44, 6264/ 3Y12 are zero at Y7 = 0, while
814 /0Y 2, 0*1is/8Y; are continuous and 0*iis/Y,* is discontinuous across ¥; = 0.

It is worth observing that the wave-induced temperature 74 satisfies a system similar in
type to that of u4, and in particular

ap Y1507
l:a T4 ] =C %, (3.46)
Yi=

F(u4) = :|:

oY 0z

where C is constant. Similar jump conditions hold for p4, 14, but these functions, along
with T}, bear no significant influence on the interaction and therefore need not be addressed
explicitly.

Now we turn our attention to the wave motion. The first few orders yield simple solutions,
namely

150 :p(O)(xla‘iOvz)’ ﬁ(l) =0, (347a,b)
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where consistent matching with (3.1) has been imposed. Next, we find that

_— z ) " g 8PP0 5.
wo= acbipoYMLY, 8z 0T aob1poy M2, (3"2 B (3.482.0)
- i 0% - . - o
= 3_-07 P2 = —}iagbpoyMZH0Y? = p(z1,do, 2), (3.48c,d)
0 4
and
- ) a'lf)o C 3211')0 P1 o
- _S o) Ply, .
1 by (C" oz, pt OYZ ) 2p0 ¥ (3.492)
b =L 1 (2_8_1) BoYi, 4= 1 (6w1+1 (Q3 g_l_)ﬁo), (3.49b,c)
2\@  po 0z @ Po
. . Y 0t
P3 = —iaobi poy M2, gstio 6—(12 — pocoYMLY) =— o + Psy(z1, 2), (3.49d)
o= —P 5o, To=——Lr 5, fio=CTh, (3.49%/£,g)

P 7R PN Sy~ 7 Y 0

where the as yet arbitrary function P; is unimportant. It is possible to obtain expressions for
Wy, U2, U2, Pa, P1, Tl , f41, but our main interest is with the equation for s which, when solved,
will enable us to match with the wave-pressure jump from the core. The equation for Fs is
found to be

- ~ ~
1 (a Ps _3@2) :VIK%"FZ‘VZYIQ;I'&O_

™ML \3Y? Y, Y, Bz1
1 0s\ -
2icgpo (1")0 (% -5 u4> + g 5“21) + h(z1,Y1,2) (3.50)
where
3 202 2
y = - 20 Mo cob-1 o, ———O‘°blp°M°°““, (3.51a,b)
% %

are real and constant-valued and A is a function consisting of a sum of terms of the type
Y*(n # 1) which has no importance in the ensuing analysis. Integrating (3.50) we obtain

1 6135 il/l 0 Do 2~ vy 62]30 -
V2 5y, In |Y; -
Y2 oY1 aobipo In|%1 Iaa:l (6 —appo | + aobipo 1 1In Y]] B2~ “oPo
9P 4. ( 6u4) / Y1 §%uy
-1 — ——dY;!| —
bl(a aoo)lYl ‘o) Th
9o 6) ( 6u4) Yi 1 8%,
- Y — d¥;
(6z 0z [ 1oy, o Y av? 1

1 ~
+yM, /0 2 4¥i + D (z1,2) (3:52)
1
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according as Y; > 0 or Y] < 0, respectively. Here we have used (3.48a,b) to substitute for
T, Wo, whilst DF are constants of integration. The term in 55 of order |Y;|? is required both
as |Y1| — 0 (to match with the critical layer solution) and as Y| — oo (to match with the
core solution).

Firstly, as |Y1] — O we use the classical linear critical-layer property

1 aps 1" in 8 [
1 9 om0 (T
FP{[YIZ aYl]leo—} o) aobipo 021 (a"_’z aopo>

%) a p 2~
aoblpo ( 072 aopo) (353

i.e. we increase the logarithm in (3.52) by (iw) as Y] increases from negative to positive
[36,37]. It is noted, however, that by > 0 must be imposed, for if b; < O then the logarithm
would be decreased by (iw) instead, so that (im) — —(iw) in (3.53). Therefore we see that

_ 3 (0% xie% 5
T D™ = l —_— _ﬁ A2 _ 2 Po 2.
b apbpo 0 ( 072 @oPo aobi1po 1 02 — 0gppo (3.54)

Secondly, as |Y;| — oo it follows that

1 0ps _p*
FP{(Y? 6Yl>iw}"D &

because 4 is bounded and 0u4/0Y; decays exponentially fast, as [Y;| — oo. By applying a
Fourier transformation to the integral in (3.55), then substituting for F(i4) from (3.45), and
finally inverting, we deduce that

Foo 1 62’&4
0 Yi 6Y12

0“Po 5. o 8] [t 1 0Py
(6‘2 ap)+azaz/(, YlaYZdY'

(3.55)

_ b 0 1 _
= /_ ~ Jofs, ) ds. (3.56)

The finite-part expression in (3.55) has to equate to

(a3p(1> ) @
7 ),

through matching with the core solution, where we recall that p(!) as defined in (3.1d) satisfies
(3.27) near 4 = ay. Hence it follows that

-ty 0 (0% 5. Ty 0%*po 2

a0b1p0 61121 (622 aopo aoblp() 7 822 aopo +
1 P05 3]’0 &

+ 2¢p [( 572~ oPo Bz 072 / Jo(s:2)

= Mlz{:vlr(a;l)(G;f - G7) +icor' (z:1)(Gf = Gy) —

1

m QwT(IL'l)} COs ﬂoz.

(3.57)
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On setting po = r(x1) cos foZ and further, writing r(z1) = yM2,7(x1), the coefficients of
cos oz in (3.57) equate to

: 2
g%
1TLRY, 1~( 1)

2

TUYY
—0 () +
aob1po 1) aob1po
7(2/3)%3(=2/3)!
co(aoby )33 (C?/ po)?*/3

T

B8 —R)ier) [ 1o ds

—00

= M12{$177($1)(G: ~ Gg) +ico (z1)(Gf — Gy) — 2—1—7 Q;?’(xl)}, (3.58)
ConMoo

where we have used (3.37) to substitute for Jy. In (3.58) the five terms present correspond
respectively to the influences of the critical-layer phase shift, nonlinearity involving the
induced vortex feedback, nonparallelism of the basic flow, the core-flow contribution, and the

Stokes-layer effect. This equation determines the nonlinear evolution of the wave-amplitude
downstream and is examined next.

3.3. DOWNSTREAM DEVELOPMENT OF THE INTERACTION

The governing amplitude equation for the wave has the basic form

T
C'(z1) + A (z1) / ' |#(s)|ds — (B +iD)i(z1) = 0, (3.59)
—00
where A is a real constant, B, C are complex constants and D is a constant which is real
provided that a suitable linear transformation in z; has been made. (The constant D can in
fact be taken as zero without loss of generality as in [3]).

This equation is identical in form to that obtained in the work on incompressibility by
Smith, Brown and Brown [3], except that here the constant B is complex (owing to a_;
being non-zero) instead of real as in their paper, and of course we have different values for
A, B, C, D in general. Consequently, after a few minor modifications, their results regarding
the possible downstream developments of the flow interaction apply equally in our case. Here
we give a brief description of each possible outcome, further details being given in ref. [3].

The first possibility is that of far-downstream saturation where the wave-pressure amplitude
is asymptotic to a finite non-zero constant, i.e.

|f(:1:1)| — |ﬁo| as I — 0. (3.60)

In this case the interaction matches with the strongly nonlinear interaction for z = O(1)
described by Hall and Smith [1]. For consistency, the coefficients of (3.59) must be constrained
in the manner

AB>0 as BC, <0, (3.61)

where B = B, + B;C;/C, is real and the subscripts r and i denote the real and imaginary
parts of a quantity in turn.

Secondly, a singular response may occur at a finite position downstream (say z; = z}),
whereby

|7(z1)| ~ (2} —21)™' as 1> (7). (3.62)
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Figure 2. Schematic diagram depicting the behaviour of the vortex and the wave for the large-amplitude periodic
solutions outlined in Section 3.2.

At this stage, the buffer layers start to shrink and eventually merge with the critical layer when
z} — 21 = O(Re™!/12). The ‘new’ critical layer is then of a non-equilibrium type wherein
streamwise variations counterbalance viscous effects in the governing wave equations. In
particular, this alters the calculation of the nonlinear coefficient in the associated wave-
amplitude equation. See also, e.g., refs. [29, 35, 38, 39]. Again we require (3.61) to hold in
order for this option to be valid.

Thirdly, the waves may decay exponentially fast downstream. The vortex must persist,
however, owing to its dependence on the global development of the wave solution overall z;
and not on its local behaviour, as verified by the integral term Jy. Once more, the associated
criteria are given by (3.61).

The fourth and final option is that of periodic or bounded motion, which can be rather more
subtle than the others in some circumstances, with the interaction developing a two-phase
cycle far downstream. The first phase is similar to the third option, having the waves decaying
rapidly to leave pure vortex motion. After a distance of O(L) say (where L >> 1), the brief
second phase, of extent O(L~!), comes into play. This phase sees the wave-amplitude growing
explosively and reactivating full vortex/wave interaction, only to decay again in a similarly
fast manner. Figure 2, adapted from [3], describes the behaviour of the vortex and the wave
in a little more detail. The conditions to be satisfied by the coefficients here are

AB>0 and BC,>0. (3.63)

The second condition, by the way, corresponds to the nonparallel-flow effects being stabilising
for z1 negative but destabilising for z; positive.

We note that other solutions of (3.59) exist but none of these are compatible with the input
condition 7(—o0) = 0. The above options are discussed further in Section 5.

4. Strongly Compressible Interactions

4.1. GENERAL PRANDTL NUMBER

Here we examine the compressible inflectional-wave/vortex interaction, derived in Section 3
above, in the limit of high Mach number. We initially allow the Prandtl number to be arbitrary
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but later, for reasons which will become apparent, we apply the restrictions 0 < ¢ < 2 and
o #0.5.
The oncoming basic-flow profile is chosen to be the Blasius one, defined by

_df

U= e (z*), Po =0, (4.1a,b)
where f satisfies
&$3f 1, d&f
3 T2l =0 “42)
subject to
df df
0) = 0) = = .
fO)=5:0)=0, () =1, (4.3a—)
and z* is the Howarth—Dorodnitsyn variable defined as
* y dgl
= - 4.4
. T “44)

The basic-flow density is po = To_ ! via the equation of state, while the basic-flow temperature
Ty satisfies

T 1, dTy dzf \?
-1 2 0 _ 2 —
o2 T3 f Pl (v — DM (dz*2 0, 4.5)
subject to
To(0) =T,,  To(oo) =1 (imposed), (4.6a,b)

from the energy equation.

Although an explicit solution for Tj is generally unobtainable (but see 4.2 below), we can
determine its asymptotic form, as 2* — oo, which is important below. In fact two types of
asymptote emerge, corresponding to 0 < 2 (when the forcing term in (4.5) is negligible in the
far field) and o > 2 (when the forcing is significant). We focus our attention here on the first
case where it is found that

= 2kME o022 /4

Th ~ - 4.7
o~ 1+ —7 4.7

where Z = z* — 1.731 and k is an unknown O(1) constant related to the global solution for
Tp via the expression

o 7724 _
= li s zZ)-1)}. 4.8
Here the asymptotic expansion
fr~Z42pu, 2% 2412272+ 0(Z7%) (4.9)

as Z — oo, where u, =~ 0.468 [40], has been used in deducing (4.8).
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To establish the critical-layer location (say Z = Z;) we use the inflection-point condition
(2.7), which has the equivalent form

_ &0, dT, dly

—s =2 — = Zs. 4.10
hhazZ=%qzaz ™ £=% (4.10)
This simplifies to
T, 1 .-
—+ = fTh = Z = 4.11

using (4.1a) and (4.2). Then, assuming Z; > 1, it follows from substitution of (4.7) into
(4.11) that

gZ%/4
ke _ g , 4.12)
Z, 2(20 — 1)M%
which bears the approximate solution
Z, =2 /c\/? (4.13)

where I =~ [In M2 ]'/2. Clearly o = 1/2 is not admissible in the light of (4.12) and below, and
indeed the restriction o > 1/2 is needed to keep Z; positive. This result also ties in well with
Grubin and Trigub’s [13,14] analytical work on hypersonic boundary-layer stability, where
the same conditions on ¢ emerge upon seeking the critical-layer location. Notice that the
factors (20 — 1) and so on in (4.12) are products of the basic flow features combined with the
generalised inflection-point condition.

We now proceed to analyse the flow structure in the vicinity of Z = Z;, where a
temperature-adjustment layer of relative thickness O(I'"!) is known to exist [9]. We define
the local coordinate 2 by

r

i=—p (22 (4.14)

and, after a little working, find that

Up ~ 1+ LTWV/o-D 7202 (4.15)
Tyml+ — o 4.16
0% T 20— 1) ’ 16)
where
o 1/o 2\ (l/o=1)
L=t (2(20 - l)k) (m) @.17)

is an O(1) constant. Moreover, since Up|z=z, determines the principal wavespeed, we have
co~ 1+ LTU/o-Dp20, (4.18)
In passing, it is worth observing that
j~MLI+Z,+YT (4.19)
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Figure 3. Sketch of the governing flow structure of the wave/vortex interaction for M, >> 1.

in the temperature-adjustment layer (with local coordinate Y'), where
—_ m —_
J= /0 (To/M2) dj (4.20)

is an O(1) constant since Ty ~ M2, when § = O(1). The asymptotic form (4.19) demon-
strates that he buffer layers and the critical layer, which are embedded in the relatively thick
temperature-adjustment layer, have been shifted by an O(M2)) amount in § from the wall
(see Figure 3).

The approximate system for the leading-order wave pressure,

P 2% dRy 1 o)’

d32 - (1 —e'i) Ti—z:-—’yo (l+me ) P()—O (421)
with

Po(%o0) =0, (4.22a,b)

arises from (3.11), (3.12a,b) after the transformation to Z-space, with

T _
(a0, Bo,Y0) = i (a0, Bo, Y0) + O(T™1) (4.23a—)

here characterising the wavenumber expansions associated with the vorticity mode [9]. An
investigation of this system by asymptotic analysis reveals that the wave pressure decays
exponentially fast at the outer edge of the temperature-adjustment layer (as Z — oc) and
doubly exponentially fast at the lower edge (as Z — —o00); this agrees with the findings
of Smith and Brown [9] for unit Prandtl number where, moreover, the authors obtained an
explicit solution for P, (see also 4.2 below).

The higher-order mean-flow and density terms U; and p; follow quite simply through
examination of the global structure of the Blasius flow. We write

U=U(m), p=pn (4.24a,b)
where

1 (2, 9)
n = (210 5172 4.25)
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is the global similarity variable and
¥ 1 B s L _ _
21(Z,9) = / = df; (=2*(H) + O(Z — Zp), as Z — Io). (4.26)
o T(n)
Moreover, we impose (CZo)'/? = 1 so that 7 — 2*/2 as  — Zp. Thus, because

g1 = lim (% (n)) 4.27)

.’L‘—}.’l:o

and
g K [ 0z} /0% n ] e

— Sk Vit & 428
5z 0% (2Cz)1/2 2% (428)

it follows that

p1 = —3C5pog. (4.29)
By a similar argument we may show that

Uy = —3CiyUs. (4.30)

An important aim now is to determine the form for the wave-amplitude equation as
M, — oo. There are at least two such forms, as discussed successively below. We examine
each contribution in the equation starting with the external non-parallel term. Specifically we
are interested in the quantity (G} — G ), as defined in (3.31a), and a little work shows that

| o [ P2 2
- 1 0g Y 2\ p2Y 4=
G -G ~ iCFP/O <W—<W—ao)ﬂ)) d

o0 Usy
—2c2 FP[) '(—m—z- P()P()y dy, (431)

where the properties (4.29), (4.30) have been used in the derivation. The first integral in (4.31)
is negligible provided we have |c;| > T(//7=) M?/° . Therefore, with the dominant part of
the second integral lying in the range (@;,ag ) (owing to the relative smallness of the wave
pressure outside the temperature-adjustment layer), (4.31) simplifies to

—+ =
_ % Uog
G;I- - Ga ~ 262 ‘/‘._1’_ '([70_—)2]\4,2 P()P()y dy (432)
0

It is convenient here to introduce the transformations s = e~Z, where we find that

e (0 —123 _,. /°° s
Gy -G, = —405b? My A ————(1 5 PyPys ds. (4.33)
The properties
= b10'1/2 — 1
Up—cy= 1- To = —_—7 .
0o—Co Too (1-s), o=1+ @o=1) s (4.34a,b)
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have been used in the above derivation, where

L(20 -1) -

b= == 5 TV Me (4.352)

and
_(20-1) 4.35b

po= "> (4.35b)

Under the new transformation, the wave pressure Py satisfies
5 s(1+s) D ( s° )2
P, ——L By, — 1+ —— =

8" Foss + (1 — s) 0s — 70 + (20 — 1) P 0, (4.36)
subject to

Py(0) = Py(o0) = 0. (4.37a,b)

Unfortunately this system does not appear to yield an explicit solution for Py for general
values of o, unlike the model-fluid case later.
Next, the quantity involving (G7 — G}') in (3.58) is found to reduce to

I ¢ A A Ty /°°_£_
Gy =Gy ~ Joaige T M [, [Ty o ds. (4.38)

We now consider the linear critical-layer growth effects from (3.58) and in particular, the
coefficients vy, 1, defined in (3.51a,b) above, where dominant balances imply that

(20 — 1)*
1604

(20 — 1)4

~ ) 2
N = 1609/2 aoczr‘ . (4.39a,b)

v~ — F2,

The Stokes layer effect (proportional to ;) can be seen to be negligible, as a result of the
relatively tiny wave pressure outside the temperature-adjustment layer.

The balancing of the linear and non-parallel contributions forces the interaction coordinate
z1 to grow with Mach number in the fashion

g1 ~ D712y |7 12, (4.40)
Finallv to preserve the nonlinear interaction it necessarily follows that
IF' N1'\(1/30’—1/6)Mo-;2/30'|62|1/2, (4.41)

by balancing the nonlinear contribution with, for example, the linear critical-layer term.
Writing ¢; = 6¢,, where & is Of1) and § > T(/o-Dpg72/7 e rescale 7,1 in the
manner

F= F(1/3a_1/6)M;2/3U(51/2F(:1_:1) +--, (4.42)

zy =[~125-125,, (4.43)
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and then the leading-order balances in (3.58) equate to

(20 — 1)H di¥  i@qc
(1 + (—Wz'—zi'> [T - 10/22 Th7(Z )]

o5 dz,;
805/3(2/3)%/3(~2/3) 154 &\ (. 23\ .
{<aoL)2/3<2o~1)304/3 -3) -F) e [ P
(4.44)
Here
o0 S
H= /0 sy PoPusds, (4.45)

is a real integral which depends exclusively on o. To analyse the associated flow behaviour
downstream we write

¢ [i_f— - =2 517‘] + AF / 1P du =0, (*46)
dz, ol/2 00
where
oy W20 ;_IZ)H (4.47)
To ’)’0

C 8e5/3(2/3) 2 (2 /3154 2\ 2

A= 32PN () o) () 208) (4.48)
(aoL)2/3(20 — 1)3C43 % Yo

Setting 7 = R(Z;) exp[if(x1)], with R, § real functions, leads to a phase equation for 8 and
the following modulus equation,

2 _
dwl ( ) / B du= (4.49)

where K = |C|?/C, is real. This yields the simple result

—\ 1/2
R=(—§;—) (Zs — 1)1, (4.50)

suggestlng that the flow solution becomes singular as Z; — Z; downstream. Furthermore,
since R is real, we require (K /A) < 0 as a necessary constraint Wthh given the values of A
and C, would force the wave angle to lie in the interval (r/4, 7/2). This result would appear
to be quite restrictive.

The above is one form for the interaction at large M. A second form follows from further
scrutiny, indicating that the flow interaction is governed by a more generalised solution
upstream, and that (4.44) merely represents one of several possible transition paths. The
corresponding scalings are found to be

z =DMz (4.51)

5 P(5/6a'—2/3)Mo—()5/3a',’:~.(§:1) 4o (452)
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and, upon setting # = R(%,) exp[i6(21)], the modulus equation is

. dR _. [ ~o ~ A
C—+ AR/ R°(s)ds — B#;R=0. (4.53)
dz; —00

There is in fact little simplification so far from the original equation. Also here

_ 2 2~
denotes the real quantity defined in Section 3.3 above, while
H = / *_1 [sngs _R (1 + —i—)z POZ} ds, .55
0o s(l—s)? (20 - 1)
and
=1 (220;712)2 [ (djﬁo)rl} . 456)

Because of the complicated coefficients still involved it is a considerable task to obtain
numerical solutions describing the complete wave/vortex interaction under given experimental
conditions. Thus, even before addressing (4.53) above, we must first solve the system for the
wave pressure in the temperature-adjustment layer to determine H, H; and g3 as well as
obtain the eigenrelation that determines 7, and then solve the basic-flow temperature system
in the entire boundary layer to determine L. However, the special case of a model fluid, i.e.
a Chapman fluid with unit Prandtl number, addressed next, is found to yield a considerably
simplified analysis, with both Py, Tp shown to have explicit solutions.

4.2, THE MODEL FLUID

Here we re-consider the analysis derived in 4.1 above, in the special case of unit Prandtl
number. A summary of the important results is now given.

Firstly, we note that the oncoming Blasius flow as defined in (4.1)~(4.4) is independent of
the Prandtl number, in contrast with the basic-flow temperature system (4.5), (4.6a,b) which,
for o = 1, bears the solution

o (7 - 1) 2 _ _ _ 57

To =1+ 5 MxUo(1 ~ Uo) + (Tw — )(1 Uo), (4.57)
a result sometimes referred to as Crocco’s Law. Given (4.57) we are able to evaluate the
constants k, L defined in (4.8), (4.17) respectively. It is found that

1 1
k== -1 and L=-——— (4.58a,b)
where
1 (Tw—1)
=_ 4w/ 4.59
P=2t oM @9

is a linear transformation of the wall temperature.
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Next, we address the wave-pressure system in the temperature-adjustment layer, given by
(4.21), (4.22a,b). For unit Prandtl number this system is known to yield the neutral solution

Py = s1/4e(1-5)/4 (4.60)

with the corresponding dispersion relation [9].

_ 1 2, =
Jo=1 or B+B= @61
Subsequently, with Py known explicitly, the terms H, H;, g3 defined in (4.45), (4.55), (4.56)
follow as

_ 1 _1 i - __1
H = T I, H = 8(267r) , Q3= 3 (4.62a—)
with
—1/2
= / S =92 gy, (4.63)
o (s=1)

Upon substituting the above values for L;, H, Hy, g3, %o, and otherwise setting 0 = 1 in
(4.53), we may deduce that the governing wave-modulus equation is

dR Ca .
2, 2y 4t 0 1/2 _ = =
(14 1) S + (—M s [(en) 1]) 1 R(%)
2/3(_ 162/3 (~ — 12/3(1 — 1652)2(1 — 352) ) . LI
— {(2/3) ( 2/3)'¢ (7 2}3 (1 16(10) (1 32a0)}R(§:1)/ ! |R2(u)|du
(4.64)
in this model fluid case.
Expressed in terms of (3.59) above, we have the coefficients being
=~ 1 = Ca 1/2
C=1Ii/m -1, B = ey [(2er) 1], (4.65a,b)
1 @I — 1251 - 1668)%(1 - 3268) @650
32623 C4/3

It was mentioned in Section 3.3 above that the condition AB > 0 has to be satisfied for each
of the four possible types of downstream behaviour. With & assumed to be positive, it follows
that

(1-3282)¢73 >0 (4.66)
must hold. Next, with C, = —1 from (4.65a), we observe that
(BC,)¢ < 0. (4.67)

Consequently, two distinct cases emerge corresponding to the sign of ¢. rirstly, for ¢ > 0
(or Ty > 1 — (y — 1)M2/2 from (4.59)), we have BC, < 0 so that any one of far-
downstream saturation, finite-distance singularity or exponentially decaying waves may occur
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and furthermore, from (4.61), (4.66), the wave angle arctan (5o /&y) is confined to the interval
(m/4,m/2). Secondly, for ¢ < 0 (or T, < 1—(y—1)MZ /2), we have BC, > 0 so that only
the option of periodicity may occur with the wave angle now lying in the interval (0, 7/4).

5. Final Comments

In the present study on inflectional-wave/vortex interaction in boundary layers we have
considered two distinct regimes of compressibility, namely when My, = O(1) (covering the
subsonic and supersonic ranges) and when M, >> 1 (covering the hypersonic range). In each
case, the interaction is found to be governed effectively by a nonlinear integro-differential
equation for the wave pressure, and this has been shown to yield four kinds of downstream
behaviour which we address once more here. The first option has the flow solution saturating
far downstream, with the wave-pressure amplitude asymptoting to a constant non-zero value.
Moreover, in the limit £; — O(Re!/*), the interaction develops into the strongly nonlinear
type described by Hall and Smith [1]; see also Smith, Brown and Brown [3]. Secondly,
an algebraic singularity may occur at a finite position downstream. At the approach to this
position, the buffer layers begin to shrink until finally, at a distance O(Re™'/12) away, they
merge with the critical layer. When this happens, at larger amplitudes, the critical layer
becomes of a non-equilibrium type and, as shown by Wu, Lee and Cowley [38] in shear layers
for example, the nonlinear mechanics is significantly changed. As regards a next stage, we
might expect a continuation into an algebraic singularity possibly leading to stronger Euler-
type interactions [19] or, instead, the wave-pressure amplitude may be damped to a zero or
non-zero finite value. A full examination of the wave/vortex compressible interaction in this
regime would appear worthwhile and efforts may be directed towards this in the future. Thirdly,
the wave pressure may die out in an exponentially fast manner to leave, in effect, pure vortex
motion downstream. This feature, which has been found to occur in a number of previous
studies on non-linear wave/vortex interaction [28,41], demonstrates that the interaction can
serve to alter the mean flow to a stable one comprising longitudinal vortices. The fourth
and final option seems at first sight a rather curious one. It involves a periodic response
which may consist of long quiescent regions of predominantly vortex flow, interspersed with
brief eruptions of wave/vortex interaction. It is interesting that the criteria associated with
this option (see Section 3.3) are different from the first three, making it possible to predict its
occurrence through calculation of the interaction coefficients alone. This would be particularly
useful when seeking computational results, since the third and fourth options may be virtually
indistinguishable until the first ‘burst’ appears some way downstream in the latter option. The
above options are identical in nature to those found in the related incompressible work of
Smith, Brown and Brown [3], indicating that the basic form of the wave/vortex interaction
remains intact at non-large Mach numbers.

Concerning the hypersonic theory of Section 4, one of our current goals is to identify the
Mach-number regime for which this theory first breaks down as M, continues to increase.
Several possibilities present themselves. It was thought first that the relevant regime is Mo, =
O[Re?/ [4G30+1))], corresponding to the streamwise variations of the critical layer altering
the flow structure within. Further scrutiny however suggested that these effects would not
significantly alter the flow interaction. Next it was thought that the basic flow should become
fully non-parallel in the temperature-adjustment layer when Mo, ~ Re?/#27+1], but that
turned out not to be so and this option also was dismissed. Our current belief is that there are
two possible outcomes depending exclusively on the size of the Prandtl number, specifically
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whether o is greater than or less than 2/3. If & > 2/3, it is believed that the hypersonic-
interaction regime involving external shock-layer influence for which M, = O(Re!/6)
enters [34,40,42]. On the other hand if o < 2/3, it is believed that the new regime enters when
My, ~ Re?/* (neglecting powers of In Re) and this corresponds to the buffer layers merging
with the critical layer and/or the temperature-adjustment layer. However, this latter outcome
would preclude dealing with air flow, for which the Prandtl number is approximately 0.72, and
so perhaps the former case is the more relevant one. We should reiterate here that our work
in the hypersonic range has featured a pair of vorticity waves. However, alternative problems
involving a pair of acoustic waves, or even having one acoustic wave and one vorticity wave,
could produce interesting results and hopefully will be addressed in future research.

Further computational work on the hypersonic interaction theory of Section 4 could be
helpful, with a view to evaluating the interaction coefficients for various values of wave
angle, Prandtl number and wall temperature. The comparatively simple form and subsequent
evaluation of the interaction coefficients in the model-fluid case of Section 4.2 should provide
a useful check on the accuracy of any general numerical scheme used.

Direct practical questions resulting from this work concem three issues: first, whether
the wall conditions can be altered to favourably affect hypersonic transition [(3.58) tends
to suggest surface cooling could be beneficial]; second, whether the theory applies also for
axisymmetric base flows (the short scales suggest it does); and third, where precisely does the
hypersonic transition originating at the edge of the boundary layer eventually influence the wall
properties to a substantial extent? These require further theoretical research. Other possible
extensions to the present work would include analysing the hypersonic problem for Prandtl
numbers o near 1/2 (where the current flow solution becomes singular, heralding a change
in the decay behaviour near the free stream) and o > 2, adapting the current theories to the
general case of Sutherland’s viscosity-temperature law, adding a small amount of cross-flow,
or having a non-uniform pressure gradient, caused by an uneven surface for example.
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Appendix A. The Stokes Layer

This layer, of relative thickness O(e3), is located immediately adjacent to the wall. It bears
some influence on the wave dynamics in the core through the term @, of (3.26), which we
now formally derive.

Writing § = €37, the flow variables expand as

=N+ -+ eUE+--, (Ala)
b=+ eE+---, (Alb)
D= ek + -, ‘ (Alc)
p=1++ (O + %W + Pp)E + -, (Ald)

p=py+-+epE+---, (Ale)
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B=put BB+, (Alf)
T=Ty+ - +TE+---, (Alg)

where the terms multiplying E are the wave contributions and the remainder denote mean-flow
and small vortex quantities.
The equations governing the wave motion are found to be

—iapcop + 10pul + puiy + puwz = 0, (A2a)
. o 1 [ 9], &’
—iagCopy(t, W] = —7Mg° [wzo, %] p(o) + loy _6?2. [G, ], (A2b,¢)
. . . . 1 .
Y =0, ) =0, —iagcopud = ——— By + hulyy, (A2d-H
YME,
pTw + poT = pO, (A2g)
. [ -1
—iapcoppT =071 = 9 fhw aT) ~ iagco Q——lﬁ(o)- (A2h)
3% of ¥

These equations, in conjunction with the boundary conditions & = 9 = & = 0,7 = T} (say)
at § = 0 and matching with the core-flow solution as § — oo, yield

1 . 0
B = — (1 — e [a i —_] 50 A3ab
(@, 0] aoCopw7M§°( ) |oo, —i o (A3a,b)
0 = pO(z,,0,2), 0 =pW(z,0,2) (A3c,d)
T = Toe"mlg + ——(7 — 1) ﬁ(o)(l - e_mlg)a (A3e)
PwY
p= (0 — puT)pu, (A3D)

and

i % 50 | p— ]
o a1 1
YT aocopurME, ( oz P [y+ m |

: 1 5 —mi§
+iapco <E(pro —pO) (™I - 1) + *—

where the exponential factors
m=(— zoz()co/C)l/2 m; = o'/ *m (Ada,b)

are both complex constants. Here, in addition, the mean-flow properties p,, = CTy, Ty =
po!, from the viscosity-temperature and state equations have been applied. It now follows
from (A2f) and (A3g) that

1 ] 1 1 . - _
(35 2) o (- 5 (3 o]} e
(AS5)
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as § — oo, where we have written
ﬁ(o) = Pwr(xl) cos foz, Ty = PwTwr(xl) cos Bz (A6a,b)

and P, (= Py(0)) and T,, are constants. Hence p(!), as defined in (3.1d) above, must satisfy
the inner boundary condition

oo 2202 ~ M2 . 1 -1 R
(_p = |-+ ______aocop,l,,/z 0 (Tw 10O )) m~! P,r(z;)cos foZ,

(A7)

Qu = [ o o2 Ty Py Py —5— (A8)

immediately follows.

6. Appendix B. The Critical Layer

Two main results are sought through analysing the flow structure in the critical layer. Firstly
we require the phase difference Dt (zz) — D~ (z1, Z) in (3.52). The work needed to evaluate
this quantity from first principles is considerable; however, a much easier method exists, based
on the classical argument that (D+ — D™) equates to (+i7) multiplied by the coefficient of
In|Y;| in the asymptotic expansion of Y, 2fsy, as |Vi| — 0, where fs is defined in (3.33d)
(see e.g. Lin [36]). The choice of sign depends on which logarithmic branch is taken as Y;
increases from negative to positive via the complex plane; classical theory has proved that the
positive sign is always taken when the basic-flow critical-layer shear, b, is positive, while the
negative sign is taken if b; is negative. Hence, If we assume that b; > 0 then (3.54) follows.
The second result obtained here is the evaluation of Jy(z1, Z), the wave-amplitude-squared
forcing of the vortex. Details of this are now given.

The buffer-layer analysis of 3.2 infers the following expansions as ¥; — €!/2Y, where Y
is the O(1) critical-layer coordinate:

@ = co+ b)Y + ez + e4b2Y2/2 +

+EU+ UL+ + T+ -+ U3+ -+, (Bla)
i=Vo+eVh+ Vs +-- +EVi+ -+ Vs + -, (B1b)
D= Wo+Wi+---+eWat - +EWs +---, (Blc)
p=14€pox+Spizl )2+ P+ EP = (B1d)
p=rpo+epY +e(maz+ po)zr + € pY?/2+ -, (Ble)
B = po+ Y + €(ua + pio)z1 + € paY?/2+ -, (B1f)
T =To+ €TVY + (Thay + Tio)z) + €*ToY?/2 + - - (Blg)

Here it is understood that the terms capped by a tilde () comprise both wave and vortex/mean-
flow contributions, and hence may be written as Uy, = u,g E + u, EE“1 + unpn forn > o, and
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similarly for V;,, W,,, etc. Both the wave component multiplying £ and the mean component
are independent of X and #; until n > 3, when the latter has to include contributions
proportional to E? and E~2. The expansions (Bla~g) also contain odd powers of €/2 (not
shown) which are forced by the buffer layer. These terms do not affect the value of Jy however,
and are therefore not addressed here.

The important leading-order wave solutions are

1 (aoblpo)_z/3 Opo /°° .(aob1P0>1/3 t
W = — —_— exp|—i|{ ——— Yt——| dt
OB T uoyML \ o oz Jo °F 1o ’

1 azﬁo 2~
V2E = aoblpo’yMgo ( 622 — %P0 |5
1 - _
o 97 p2E = Po(1, £), (B2a—d)

where consistent buffer-layer matching (as |Y| — oo) has been applied.
For the vortex/mean-flow, we find that simple solutions hod at the first three orders. These
are

bip1a
pa2n = van = won = 0, uoN + (dl - IZ:) 2) 71Y; (B3a—d)

p3Nv = wiy =0, iy = bY?/6 + u4(z1,0, 2),

vy = (azbl L m) Y; (Bda—d)
Po Po
and
pan = T1p2/6, way =0,
upn = (badg + dp)x1Y2/2 + K(21,2),  vany = —As(x1, 2), (B5a—d)

successively, where K is an unknown constant, p, is the local cubic derivative of the basic-
flow pressure and matching with the buffer layers holds as |Y| — co. Additionally we note
the solutions

po=CTy, To=p;, (B6a,b)

linking po, o and Tp. At the next order, we need only concern ourselves with the spanwise-
momentum equation for w3y which, when integrated between (—o0, 00), determines Jo. It
is

"

. owig Owog Wi g Owor
Po zao(u(*)Eon — UOEWSE) + g Yy + 'U;E Y + WoE _3—5_ + wSE —3—2—

2
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which leads to

dusy 1Y £0 / oo ( 0 ) owgg 3'on)
= == — e o ———— B8
Jo = [ 3y ]Y_)—oo 10 oo 2 62|w0E| +vE 3y + v 3y dy, (B8)

2

using (B2c) to substitute for upg. Further substitution of (B2a,b) for v, w E respectively,

and subsequent manipulation of the integral yields

2
I 2m(2/3)*3(=2/3)! 8 [|8po ©9)
07 (vMZ)2(coby ) B/ (C2 )23 07 \ | Bz
Here (—2/3)! denotes the gamma function
oo
I'(z) = / 1ot gt (B10)
0

evaluated at z = 1/3.

It is worthwhile mentioning here that in the Hall-Smith theory (where z = O(1)), a jump
term equivalent to (B9) exists. This was calculated in the incompressible regime by Hall and
Smith, but later J.W. Elliott (personal communication) determined the compressible value to
be
2 2
op
0z

(B11)

(0 0

J=—t

9 [|9p
(YMZ)* | 0z

0z

b

- - T,

where b, p, u, T denote the values of the global basic-flow quantities Uy, p, i, T at§ = f(z, 2),
and p(Z, Z) denotes the global buffer-layer wave pressure. Also

$(5,7) 2m(2/3)%3(-2/3)!
zZ,Z) =

[(ab)3p2p?(1 + f3)1015/3
and viscosity is a general function of temperature. Encouragingly, the result matches to (B9)
as £ — 0 in the special case where Chapman’s viscosity-temperature law holds. This, in turn,

shows that (B9) retains its fundamental form from z; = O(1) through to z; = O(e3), and
hence the wave-wave forcing is essentially invariant in nature within this range.

(B12)
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